Let E be an elliptic curve defined over Q. Let Γ be a subgroup of E(Q) and P ∈ E(Q). In [1], it was proved that if E has no nontrivial rational torsion points, then P ∈ Γ if and only if P ∈ Γ mod p for finitely many primes p. In this note, assuming the General Riemann Hypothesis, we provide an explicit upper bound on these primes when E does not have complex multiplication and either E is a semistable curve or E has no exceptional prime.
Introduction
For a given set of rational points on an elliptic curve E defined over Q, there are several methods to check if these points are linearly dependent. These methods include heights on elliptic curves, and the two descent algorithm. In [1] , the authors showed that linear dependence of rational points on certain abelian varieties over a given number field K satisfies a local to global principle. Namely, a set of rational points on such an abelian variety satisfies a dependence relation over K if and only if it satisfies a dependence Mathematics Subject Classification: 11G05, 14G05 relation when reduced modulo all but finitely many primes of K. In fact, they even proved a stronger version of the latter result. More precisely, a dependence relation of rational points holds on these abelian varieties if and only if these points satisfy dependence relations modulo finitely many primes. The reader interested in detecting dependence of rational points on abelian varieties via reduction maps may consult [3, 4] and the references there.
In this note, we analyse the aforementioned results. Given an elliptic curve E/Q and a basis P 1 , . . . , P r for E(Q), a point P ∈ E(Q) lies in a subgroup Γ ⊂ E(Q) if and only if the reduction of P lies in Γ modulo finitely many primes. The choice of these primes depends on E, the points P, P 1 , . . . , P r , and the subgroup Γ. Assuming that E has no nontrivial rational torsion points, we introduce an explicit upper bound on these primes when E has no complex multiplication and either E is semistable or E has no exceptional prime where certain values are not attained by the j-invariant of E. The key idea in order to provide such a bound is to use an effective version of Chebotarev's theorem which assumes the Generalized Riemann hypothesis, GRH.
Linear dependence of rational points
In this section we will review the main results of [1] for an elliptic curve defined over Q. Let E be an elliptic curve defined over Q. We assume moreover that E has no nontrivial torsion over Q. Let P 1 , . . . , P r be a basis for E(Q).
For each j, 1 ≤ j ≤ r, a lattice Γ j ⊂ E(Q) is defined, see p. 334 for the precise definition of Γ j . Given P ∈ E(Q) there exist n 1 , . . . , n r ∈ Z such that P = n 1 P 1 + . . . + n r P r . For each 1 ≤ j ≤ r and for each prime l | n j , the field L j,l is defined as follows:
where k j,l is chosen such that the image of the residual representation
contains a nontrivial homothety and such that E[l k j,l ] contains at least r points, see Theorem 6.3 of [1] . In particular since E[l
Moreover one must have k j,l ≥ ord l (n j ), see Theorem 6.4 in [1] . Therefore one may choose k j,l ≥ max log r 2 log l , log |n j | log l such that the image of the representation
One observes that
The authors in [1] defined a finite set S j,l which contains all primes q such that every σ ∈ Gal(L j,l /Q) is a Frobenius element at some q ∈ S j,l . An effective version of Chebotarev's theorem was used to construct the set S j,l .
Given a number field L, an effective version of Chebotarev's theorem by Lagarias and Odlyzko states that there are effectively computable constants b 1,L and b 2,L such that every element σ ∈ Gal(L/Q) is equal to the Frobenius element Frob q ∈ Gal(L/Q) for an integer prime
For each j such that n j = 0, the following sets were defined in [1] 
and q is a good prime for E},
The set S is defined by S := 1≤j≤r,n j =0 S j .
A local to global property for dependence of rational points on an abelian variety of certain type defined over a number field can be found in [1] and the references there. In fact, an elliptic curve defined over Q is an abelian variety which satisfies the hypotheses of [1, Theorem 6.4 ], see [1, Corollary 4.3] . Throughout this note, if P ∈ P 2 (Q), we write P p for the reduction of P in P 2 (F p ).
Theorem 2.1 (Theorem 6.4, [1])
. Let E be an elliptic curve defined over Q. Let P ∈ E(Q) and let Γ be a subgroup of E(Q). Let S be the finite set defined above. If P p ∈ Γ mod p for all p ∈ S then P ∈ Γ + E(Q) tor . Hence if E(Q) tor ⊂ Γ, then the following conditions are equivalent:
Remark 2.2. In Theorem 2.1, the equivalence holds because S j,l contains the primes q for which every σ ∈ Gal(L j,l /Q) is equal to the Frobenius element Frob q at q. An effective version of Chebotarev's theorem by Lagarias and Odlyzko is used to provide an upper bound for these primes q, see the proofs of Theorem 6.2 and Theorem 6.4 of [1] . Thus one can replace S j,l with any finite set containing the primes q in the definition of S in Theorem 2.1. In fact, we will use a different effective version of Chebotarev's theorem to introduce an alternative finite set.
In the following lemma, we collect different effective versions of Chebotarev's Density Theorem. One can use these versions to redefine the sets S j,l , S j and S, see Remark 2.2. The following can be found as Theorem 2.2 and Proposition 2.3 in [5] .
Lemma 2.3. Let L/Q be a finite Galois extension. We denote the absolute value of the discriminant and the degree of L/Q by ∆ L and d L respectively. Let C be a conjugacy class of Gal(L/Q). There is an integer prime p such that the Frobenius at p is in C, and such that p satisfies the following bounds. a) There is an absolute effectively computable constant A such that p ≤ 2∆ 
2 . In fact, one may take b = 70. c) If S is a set of prime numbers such that L/Q is unramified outside of S, for the conjugacy class C in Gal(L/Q), there exists a prime number p ∈ S such that the Frobenius at p is in C, and such that
For each 1 ≤ j ≤ r and each prime l | n j , we recall that
′ under the assumption of the GRH. Assuming the GRH, one can use Lemma 2.3 (c) in order to define a set S ′ j,l which contains all the primes q such that every σ ∈ Gal(F j,l /Q) is the Frobenius element at some q ∈ S ′ j,l . We set
where d F j,l is the degree of the extension F j,l /Q, and B is the set of primes outside which the field F j,l is unramified. In fact, the field F j,l is unramified outside the set of bad primes of E and the prime l, see [8, Theorem 1] . Theorem 2.1 and Remark 2.2 yield the following consequence.
Corollary 2.4. Assume that E is an elliptic curve defined over Q such that E(Q) tor = {O E }. Let P ∈ E(Q) and Γ a subgroup of E(Q). Let S ′ be defined as above. The following conditions are equivalent:
Bounds
In this section we find explicit bounds for the coefficients of a linear dependence relation in E(Q).
A bound on the coefficients of a linear dependence relation
Let E be an elliptic curve defined over Q with rank r such that E(Q) tor = {O E }. Let P 1 , . . . , P r be a basis for E(Q). Recall that the height pairing on E is
whereĥ : E → R is the canonical height on E, see ( §9, VIII, [9] ). The regulator matrix R E of E is given by ( P i , P j ) 1≤i,j≤r . The eigen values of Reg E are λ 1 ≤ λ 2 ≤ . . . ≤ λ r .
Lemma 3.1. Let P ∈ E(Q) be such that
For each j, 1 ≤ j ≤ r, one has
where N T = n 1 n 2 . . . n r .
Proof: Using the fact that the height pairing , is bilinear and positive definite, one obtains the following equality
In addition, one has
One observes that N T N = i n 2 i , therefore for any j, 1 ≤ j ≤ r, one has
Bounding the degree of a Kummer extension
In the following lemma we estimate the degree of the Kummer extension 
Main results
We assume that E is an elliptic curve defined over Q with E(Q) tor = {O E } and the rank of E(Q) is r > 0. Therefore, all rational points in E(Q) are of infinite order. Let P 1 , . . . , P r be a basis for E(Q).
Assume that P = n 1 P 1 + . . . + n r P r for some n i ∈ Z. In view of Corollary 2.4, P ∈ Γ if and only if P ∈ Γ mod p for every prime p lying in the finite set S ′ .
Lemma 4.1. Assume the GRH. For any prime q ∈ S ′ j,l , one has
, and Q j,l is the product of the prime divisors of the discriminant of the field extension F j,l /Q.
Proof: Recall that
and q is a good prime for E} where B j,l is the set of primes outside which F j,l is unramified. Those primes are exactly the prime divisors of the discriminant of the field extension F j,l /Q. In particular, the set B j,l contains the bad primes of E together with l. We set d F j,l to be the degree of the extension F j,l /Q. Therefore for every q ∈ S ′ j,l , one has q ≤ 280d
where l ′ is a prime in B j,l . Now the statement of the lemma follows once one observes that M j,l is the upper bound of d F j,l obtained in Lemma 3.2.
✷
We recall that a prime integer l is said to be an exceptional prime for an elliptic curve E defined over Q if the mod l Galois representation ρ E,l : Gal (Q(E[l])/Q) → GL 2 (Z/lZ) is not surjective. If E has complex multiplication then every prime is exceptional except possibly for the prime 2. If E has no complex multiplication then it was proved by Serre that the number of exceptional primes is finite, see [7] . In fact Serre conjectured that any exceptional prime for E is less than or equal to 37. Mazur proved that if E is semistable with no complex multiplication, then no prime ≥ 11 can be exceptional for E, see [6] . In [2] , in terms of heights, almost all elliptic curves are proved to have no exceptional primes.
We will use the following two lemmas to produce an explicit bound on the primes in the finite set S ′ defined in §2 if E defined over Q has no complex multiplication, and either E has no exceptional primes or E is semistable. Lemma 4.2. Let E be an elliptic curve defined over Q with no complex multiplication. Let j be the j-invariant of E. Let ρ l n : Gal (Q(E[l n ])/Q) → GL 2 (Z/l n Z) be the Galois representation associated to the l n -torsion points of E. The following statements hold.
i. ρ 2 is not surjective if and only if j = 256(t+ 1) 3 /t or j = t 2 + 1728 for some t ∈ Q.
ii. ρ 3 is not surjective if and only if j = 27(t + 1)(t + 9) 3 /t 3 or j = t 3 for some t ∈ Q.
iii. ρ 5 is not surjective if and only if
iv. ρ 7 is not surjective if and only if
for some t ∈ Q.
Proof: This is Proposition 6.1 in [10] . ✷ Lemma 4.3. Let E be an elliptic curve defined over Q with no complex multiplication. for some t ∈ Q. ii. The representation ρ 3 ∞ is not surjective if and only if ρ 3 is not surjective, or
iii. If l ≥ 5 then ρ l ∞ is not surjective if and only if ρ l is not surjective.
Proof: This is Lemma 6.6 in [10] . ✷ One remarks that if ρ l ∞ is surjective then ρ l n is surjective for any positive integer n.
Theorem 4.4. We assume the GRH. Let E/Q be an elliptic curve with no complex multiplication and no exceptional primes. Assume that E(Q) ∼ = Z r , r > 0. Let P 1 , . . . , P r be a basis for E(Q), and λ the minimum eigen value of the regulator matrix ( P i , P j ) 1≤i,j≤r . We assume that the j-invariant j of E is not written as
for any t ∈ Q. Let P ∈ E(Q) and Γ a subgroup of E(Q). The following conditions are equivalent.
1) P ∈ Γ where P = n 1 P 1 + . . . + n r P r , n i ∈ Z.
, K = max 2, log r 2 log 2 , log C log 2 , and Q = max (l 2 − 1)(l 2 − l)l 2(k j,l +1)r+4k j,l , and we choose k j,l ≥ max log r 2 log l , log |n j | log l such that the image of the residual representation
contains a nontrivial homothety, see §2. Since E has no exceptional primes it follows that ρ l 2 is surjective for every prime l, hence the image of ρ l 2 contains a nontrivial homothety for every prime l = 2. It follows that one can set k j,l = max 1, log r 2 log l , log |n j | log l when l = 2. In view of Lemma 4.2 and Lemma 4.3 our assumption on the values taken by the j-invariant of E forces ρ 2 ∞ to be surjective, and hence the representation ρ 2 n is surjective for any positive integer n. In particular the residual representation ρ 8 is surjective. In other words the image of ρ 8 contains a nontrivial homothety. Therefore one may set k j,2 = max 2, log r 2 log 2 , log |n j | log 2 .
the fact that 2 ≤ l ≤ √ C yield the upper bound K for k j,l , hence the upper bound M for M j,l for every j, l, see Lemma 4.1.
